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Abstract:
We examine the weak shell-crossing singularity in the inhomogeneous Tolman-Bondi model
in the absence of a cosmological constant. We find that weak shell-crossing singularity occurs
during gravitational collapse when the outer shells go faster than inner shells of radius, which
are sufficient conditions. Initial data can lead to weak singularity. The pressure of shellcrossing weak singularity determines by initial velocity, by the different method we examine
′
the condition on mass and radius FF > 3r .
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Introduction

Tolman-Bondi model describes the gravitational collapse of spherically symmetric dust matter distribution. Tolman-Bondi model matched to Schwarzschild exterior where all g ij are
functions of C ∞ type. Initial density and velocity in the Tolman-Bondi model are functions
of radial coordinate r only. The Tolman-Bondi model’s collapse is pressureless, which means
every particular shell of dust with finite radius will collapse through its Schwarzschild radius.
For the homogeneous cloud, all shells of matters are not defined at the same time and,
thus there is no weak singularity at all Oppenheimer-Snyder [6]. The proper time for inhomogeneous matter distribution depends on radius (co-moving coordinate) r; as shell-crossings
are not genuine curvature singularities, the nearby shell of matter operates developing momentary density singularity, where Kretschmann curvature scalar cloud blows up, this can
be removed through the extension of spacetime.
In natural objects, density, and pressure, is enormous; this may be the reason for weak singularity. In the Tolman-Bondi model,
shell-crossing singularities are not a general singularity, and it is removable. However, detailed analysis by Szekeres and Lum [9] considered that Newtonian and relativistic spherically
symmetric matter distribution and they suggested the following notes;
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(1) Jacobi fields approach the singularity having finite limits.
(2) The boundary region can be transformed by a C 1 transformation.
This allows one to think that such a shell-cross can be possibly avoided if the shapes of
the arbitrary functions available in the geometry are properly chosen.
2

TOLMAN-BONDI SPACETIME

As mentioned earlier, the Tolman-Bondi Model represents a spherically symmetric dust matter cloud that is inhomogeneous in the radial direction. Tolman-Bondi model is written in
synchronous co-moving coordinates so that gti = 0(i = r, θ, ϕ), and gtt = −1. For matter particles the velocity vector is ui ≡ (1, 0, 0, 0), which means that coordinate time and
proper time t are same for all particles. The cosmological constant Λ is zero. The spherically
symmetric Tolman-Bondi class of solution given by metric below;
ds2 =

−dt2 + e−2ν(t,r) dr2 + R2 (t, r)dΩ2 ,

(1)

where ν(t, r) and is an arbitrary function and
dΩ2 =

dθ2 + sin2 θdϕ2 .

(2)

The material content of the spacetime is assumed to be dust so that stress-energy tensor,
Tij = ρ(t, r) ui uj ,

(3)

where ρ(t, r) denoting the energy density and only non-vanishing component of energymomentum tensor is T00 = ρ.
Introducing new auxiliary functions,
f (t, r) =
F (t, r) =

e2ν R′2 (t, r) − 1,
R(t, r)(Ṙ2 − f ).

(4)
(5)

This simplifies Einstein’s equations greatly to,
F
+ f,
R(t, r)

(6)

0,
0,

(7)
(8)

F ′ = R2 R′ T00 .

(9)

Ṙ2 =
f˙ =
Ḟ =
with the constraint

In view of equations (7) and (8), F and f are functions of r only. The metric (1) with
e2ν = [1 + f (r)]/R′2 , together with equations (6) to (9), fully determine the Tolman-Bondi
family of solutions.
Thus the Tolman-Bondi metric is,
ds2 = −dt2 +

R′2 (t, r) 2
dr + R2 (t, r) dΩ2 .
1 + f (r)

(10)
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Parametric form of Tolman-Bondi family solutions are given below;
Hyperbolic, f (r) > 0
R(t, r) =

F (r)
(cosh η − 1),
2f (r)

(sinh η − η) =

2f (r)3/2 (t − a0 )
;
F (r)

(11)

;

(12)

Parabolic, f (r) = 0
9F (r)(t − a0 )2
R(t, r) =
4


1/3

Elliptic, f (r) < 0
R(t, r) =

F (r)
(1 − cos η),
−2f (r)

(t − a0 ) =

F (r)
(−f (r))−3/2 (η − sin η).
2
(13)

As mentioned above Tolman-Bondi model contains three types of evolution with the time
that is given by equations (11) to (13). The positive expansion rate (Ṙ(r, t) > 0) this all
these models leads to big-bang at t = a0 (r).
The density for Tolman-Bondi metric is given by,

8πρ(t, r) =

F ′ (r)
,
R′ (t, r)R2 (t, r)

(14)

and the Kretschmann scalar K = Rhijk Rhijk is,

K = 12

F 2 (r)
F (r)F ′ (r)
F ′2 (r)
−
8
−
3
,
R6 (r, t)
R5 (t, r)R′ (t, r)
R4 (t, r)R′2 (t, r)

(15)

(e.g. Bondi 1947 [16]), a0 , f , and F are arbitrary functions of r, and all these functions have
the physical meaning as in the big-bang region the time t ≥ a0 , in the big crunch region time
t ≤ a0 , and the local time at R(t, r) = 0 is a0 (r) and F (r) is the Misner-Sharp mass function
that is two times of effective mass m. Since F (r) is related to mass function, it must be
non-negative everywhere.
F (r) ≥ 0.
(16)
The Conditions for Shell-Crossing Singularity
The shell-crossing are defined by,
R′ = 0 and R > 0.
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For general (f (r) < 0) Tolman-Bondi solution can be easily obtained by parametric integrations. From equation (13) we can write,
F
(−f )−3/2 (η − sin η),
2
F
η
R(t, r) =
sin2 .
f
2

(t − a0 ) =

(17)
(18)

Where 0 < η ≤ π (elliptic), and a0 is an arbitrary constant of integration that can be fixed
with initial data. We can fix a0 (r) with initial data Ṙ(0, r) ≡ ϕ(r) = a0 (r). Therefore
equation (17) becomes,
a0 =

F
(−f )−3/2 (η0 − sin η0 ),
2

(19)

F
= Ṙ2 (t, r) − f,
R(t, r)

(20)

from equation (6) and (18)

and,
F
sin2 η/2,
f

(21)

(csc2 η/2 + 1)−3/2
Ṙ3

(22)

F −3
ν (csc2 η0 /2 + 1)−3/2 (η0 − sin η0 ),
2

(23)

R(t, r) =
therefore,
f −3/2 =

a0 (r) =

where η0 is value of η at t = 0 and Ṙ3 (0, r) = ν(r). For time symmetric initial data
as Ṙ(0, r) = 0. The radial coordinate r is merely
v(r) = t0 (r) = 0, which implies f = −F
R
a different shell, and we can therefore fix the radial coordinate using the initial area radius
coordinate radius,
R(0, r) = r,
so, equations (17) and (18) get simplified by using
f =−

F
r

at v(r) = a0 (r) = 0, and R(0, r) = r.


t(η, r) =

r3
4F

1/2

η
R(η, r) = r sin2 .
2

(η − sin η),

(24)
(25)
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A shell with an initial proper area 4πr2 , will thus collapse to vanishing area radius in a time
r
r3
tcollapse (r) = π
,
(26)
4F
the relevant derivative of (26) with respect to r is,


π 3 F′
′
tcollapse (r) =
−
.
4 r
F

(27)

When the entire matter collapses to zero radius, the outsides shell of matter goes faster
than the insides shell of matter, and at some surface, they intersect each other and create
momentary density singularity. The necessary and sufficient condition for shell crossing is
the function (26) should be a decreasing function of time. That is,
t′collapse < 0,

(28)

Because of (28), the condition on Misner-sharp mass function holds if and only if
3
F′
> .
F
r

(29)

This is the shell-crossing condition on mass and physical radius when the collapse occurs,
physical radius going to zero, and mass function going to infinity.
For general (f (r) = 0) the Tolman-Bondi solution can be easily obtained by parametric integrations. In the Tolman-Bondi model, a marginally bound case deserves special examination.
This is the boundary between the hyperbolic region and the elliptic region; also, η is not valid
here. However, the parabolic region is a special case with the energy function equal to zero.
We can consider this as the most straightforward case too. From equation (6) for parabolic
case, we can write,
Ṙ2 (t, r) =

F
,
r

(30)

which is integrated to,
9F (r)(t − a0 (r))2
R(t, r) =
4


1/3
,

here that local time at R(t, 0) = a0 (r), as t ≥ a0 (r) is a time of big-bang, and in region
t ≤ a0 (r), this isqa time of big-crunch. Without loss of generality we consider a special case
a0 (r) = ac (r) =

4r3
.
9F

we can write,

9F (r)(t − ac (r))2
R(t, r) =
4


1/3
,

(31)

which trivially leads to,


t
R(t, r) = r 1 −
ac (r)

2/3
,

(32)

5

VOLUME 8 ISSUE 2 2022

PAGE NO: 102

GRADIVA REVIEW JOURNAL

ISSN NO : 0363-8057

where,
r
ac (r) =

4r3
.
9F

(33)

q
3
The time ac (r) = 4r
is the proper time for the collapse of a spherical shell with an initial
9F
radius r, which is always positive. Here we are concerned only with weak shell-crossing
singularity, at the point R(t, r) > 0 and R′ (t, r) = 0. The weak singularity occurs when,
′

R (t, r) =

=

2/3 ′
t
ac (r)

−1/3 

t
t
1−
1−
+ ac (r)γ(r) = 0
ac (r)
ac (r)
 
r 1−

(34)

(35)

′

where γ(r) ≡ (1 − rF
).
3F
The time when shell-crossing occurs is given by.
t = ts = ac (1 + ac γ),

(36)

when the collapse commences, the necessary and sufficient condition for weak singularity is
ts < ac ,

(37)

This leads to
γ(r) < 0,

(38)

3
F′
> .
F
r

(39)

i.e.,

This is the shell-crossing condition on mass and physical radius in (39), which is the same as
the one for the time-symmetric f (r) < 0 cases. From equation (32) for any value of ac (r),
this collapse will give a strong shell-focusing singularity at the center.
3

Conclusion

We have shown that excluding the cosmological constant will not prevent shell-crossing singularities from occurring near the center. We have shown that the absence of cosmological
constant in the Tolman-Bondi model shell-crossing singularity occurs with several necessary
′
and sufficient conditions. This can explaining by fact that if t′collapse < 0 then FF > 3r then
weak singularity will occurs.
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