GRADIVA REVIEW JOURNAL ISSN NO : 0363-8057

Solving some fractional-order mathematical physics
equations in time using the BONAZEBI YINDOULA
Joseph method

1.2Joseph BONAZEBI YINDOULA .
1Université Marien Ngouabi-Faculté des Sciences et Techniques
ZLaboratoire d’Analyse Numérique et Applications (L.A.N.I.A)
BP:69,Brazzaville-Congo

May 24, 2025

Abstract

In this paper, the BYJ method (a combination of the reduced differential transformation
method and successive picard approximations )is used to construct the exact solution of

some nonlinear fractional differential equations in time.
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1 Introduction

Partial differential equations of integer or fractional order appear in almost every field of physics,
applied science and engineering [1,2]. To better understand these physical phenomena and apply
them to practical scientific research, it is important to find their exact solutions. The study of the
exact solution of these equations is interesting and important. Over the last few decades, many
authors have studied the solution of such equations using various methods developed. Recently,
the variational iteration method (VIM) [3,4],has been applied to treat various types of nonlin-
ear problems, for example, fractional differential equations [5], nonlinear differential equations
[5], nonlinear thermo-elasticity [6], wave equations [5]. In references [7, 8], the Adomian decom-
position method (ADM), the homotopy perturbation method (HPM), the homotopy analysis
method (HAM) and the parameter variation method (VPM), the reduced differential transfor-
mation method (RDTM) introduced by Kaskin and Oturanc [9,10] are successfully applied to
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obtain the exact solution of integer and fractional order partial differential equations. In this
article, we have used the BYJ method introduced by the author to construct a solution for some
fractional-order partial differential equations. The BYJ technique is an iterative procedure for
obtaining a solution in the form of a Taylor series converging to the exact solution. The method
is semi-analytical for solving fractional, nonlinear, homogeneous and inhomogeneous partial dif-
ferential equations. Results show that the BYJ method is accurate, efficient and requires less

effort than other analytical and numerical methods.

2 BONAZEBI YINDOULA Joseph (BYJ) method

The Reduced Differential Transformation Method (RDTM) was first proposed by Turkish math-
ematician Yildiray Keskin in 2009. This method is applicable to a wide class of linear and
nonlinear problems with approximations that converge rapidly to the exact solution if it exists.

The BYJ method, on the other hand, is based on a combination of the reduced differential
transformation method (RDTM), successive approximations and Picard’s principle, and is used

to solve classical and fractional partial differential equations.

2.1 Preliminary

Consider a two-variable function u(x,t) which is analytic and k — fois continuously differentiable
with respect to x and time t. Assume that it can be represented as the product of two single-
variable functions, ie. wu(z,t) = f(z).g(t) then using the properties of the one-dimensional

differential transformation, the function can be represented as follows:

u(x,t) = ZF(@):B’ Z GHHt' | = Z Zu(i,j)xitj (1)

i=0 j=0

where u(i, j) = F(i)G(j)is called the spectrum of u(x,t).
The basic definitions and operations of the reduced differential transformation method are

introduced as follows

2.1.1 Definition 1

If u(z, t) is analytic and continuously differentiable with respect to the space variable z and time
t, then the reduced differential transform is given by:
1 { o

ug(z) = l atku(x,t)] ,keN (2)

t=to
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where the ¢t-dimensional function Uy (z) is a transformed function.
Lowercase u(x; t)represents the original function while uppercase U (x) represents the trans-
formed function.

The inverse reduced differential transformation of Uy(z) is defined by:

0 k
u(a,t) = % [gtku(x, t)} (t —to)" Z up(z) (t — to)" (3)
k=0

t=to

Among the above definitions, we can find that the concept of reduced differential transformation

is derived from power series .

2.1.2 Definition 2

If the function u(z;t) is analytic and continuous differentiable for ¢, we have :

1 ak:a
T (ko + 1) {&:ka “(‘T’t)} keN )

t=to

ug(z) =

where « is a parameter describing the order of the fractional derivative in time and the
t-dimensional spectral function Uy () is the transformed function.

The inverse reduced differential transformation of Uy (x) is defined by:

1 ot
't (t —to) (t —to) 5
T (ka+1) [ gk L )L_to o) Z“k 0) (5)

k=0 k=0

2.1.3 Table of fundamental operations for reduced differential transformation

Original function Reduced differential transformation function
u(,t) Us(a) = 4 | gula)]
w(z,t) = %u(m,t) and n € N Wi(z) = 8‘9;(; Uk(x)
w(z,t) = %u(w,t) and n € N Wi(x) = %#Umm( )

2.1.4 The Mittag-Leffler function

The Mittag-Leffler function plays a very important role in the theory of integer-order differen-
tial equations. It is also widely used in the search for solutions of fractional-order differential
equations. This function was introduced by G. M. Mittag-Leffler in 1905.

Definition

The Mittag Leffler function is the function denoted E,(z) defined by :

+oo .,
9% ©
k=0
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where z is a complex number, « is a strictly positive real number

NB: The generalization of this function for two parameters is [17,19] :

Zk

+oo
Eo5(2) :kzzom,f{e(a) > 0,Re (B) >0 (7)

This function was introduced by R.P Agarwal and Erdelyi in 1953-1954.

2.2 Description of the BYJ method for a fractional partial differential

equation

Consider the following non-linear partial differential equation of fractional time order.
CDru(z,t) + Ru(zx,t) + Nu(z,t) = f(x,t),t > 0,z € R (8)

with initial conditions

O'u(z,0)

T:gi(x)7i207172337'”an_l (9)

Where ¢ D® denotes the fractional derivative in the Caputo sense of order n , where n—1 <
na < n,n € N*, R is a linear operator, N is a non-linear operator and f(x,t) is the source term.

Equation (8) can still be written as follows.
CDrou(z,t) = f(z,t) — Ru(z,t) — Nu(z,t) (10)
Applying the reduced differential transformation to ( 10) gives :

I'(ka+na+1)
I'(kao+1)

Where Uy (), L (Ug(z)), N (Ug(z)) and Fy(z) are the transformations of the terms
CDrou(z,t), Ru(xz,t), Nu(z,t) and f(z,t) respectively.Using the reduced transformations on

Uktn(2) = Fi(2) = R (Uk(2)) = N (Ug(2)) .k €N (11)

the initial conditions ( 9 ), we obtain

Uo(z) = go(z),Ur(z) = g1(), -+, Up—1(2) = gn-1(2) (12)
Applying the method of successive approximations to (11) , we get

I'(ka+na+1)

T (ka+1) Ulf+n(x):Fk(@_R(U;f(l'))—N(U,f_l(m)),kEN,VpZ1 (13)

with initial conditions

Us(z) = go(x), UT (z) = g1(x), -+, Up_1(2) = gn-1(x) (14)
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First iteration

For p =1 we have :

Dhatnat il (2) = Fi(x) - R (UL () — N (UP(2) .k €N

T'(ka+1)
(15)
Us(z) = go(2), Ui () = g1(2), -, Up_1 (%) = gn-1(2)
Applying Picard’s principle, i.e. there exists Uy (z) such that N (UP(z)) =0
(15) becomes
ka+na
F(F(ILHJ)rl)UI%Jrn(x) = Fi(z) = R (Ug(2)) .k €N
U&(.’L’) = gO(x)a
U (z) = g1(x) (16)
Up_1(2) = gn-1(x)
and by a simple iterative calculation we obtain the values Ul (z) for k =0,1,2,3,---
Thus the inverse fractional reduced differential transformation of the set of values {U} (z) izév
gives the approximate N-term solution as follows:
up(@,t) =Y Uk (a)th® (17)
k=0
Consequently, the exact solution of the problem at the first iteration is given by
u' (z,t) = lim uk (2,t) (18)
n—--+00
Second iteration
For p = 2 we have:
%Ugﬂ(@ = F(z) — R (U(2)) = N (UX()) ,k € N
(19)
U () = g0(2), Ut () = g1(x), -+, UZ_1(2) = gn—1(2)
Assume that N (U} (z)) = 0 then ( 19 ) becomes
F(lli((lkt;f;)rl)Ul?m(x) = Fi(z) — R(Uj(2)) ,k €N
(20)
U () = g0(2), Ut () = g1(2), -+, U7_1(2) = gn—1(2)
which is therefore the same algorithm as in step p =1
5
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+oo
If the series Z UZ(x)th® is convergent, then we get
k=0
N
2 ka
w?(z,t) = lim u% (z,t) where u3 (z,t) = U x)t 21
(e,0) = lim i (2,1 (o) = 3 U (21)

approximate solution of equation ( 8 ) in step 2
P-th iteration

—+o0
Recursively, if the series Z UZ( x)tk® is convergent for p > 3, then we get
k=0
N
uP (z,t) = lim ok (z,t) where ub (z,t) ZU (22)
e k=0

approximate solution of equation (8) at step p

The solution to the problem (8) is therefore

w(z,t) = lim o (x,t) (23)

p—>+00

3 Applications

3.1 Example 1

Consider the following Kuramoto-Sivashinsky problem [11,18] :

CD?u(%t) _ _dtu(xt) 28 u(:v t) +u (.’E t)w 2($,t) (M>3

oz 922
» (24)
u(z,0) = cosx + sinx
0 < a<Lit>0,zeR (25)
The problem (24) can still be written as follows:
a *u(x, 8%u(x,
CDyu(w,t) = "5t — 27550 + N(u(x, 1) (26)
u(z,0) = cosx + sinx
with
&*u(z,t &u(z, 1)\’
Nute0) = (o) 5 o) (557 ) (27)
the non-linear term
6
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Applying the reduced differential transformation to (25) gives :

RDT (°Dfu(z, 1)) = —RDT (Z552) — 2RDT (£542) + RDT (N (u(x,1)))

(28)
RDT (u(z,0)) = cosz + sinx
This gives
4 2
Pt U () = — 2552 — 2 (L5 4 N(U (@), ¥k > 0
(29)
Up(x) = cosx + sinx
Using the idea of the principle of successive approximations, we obtain the following:
kat+a+1) 84Up T U _
Dlbeckot e () = — 252 — 2 (205 4 N(UE (@), ¥k > 0
Vp>1  (30)
UP(z) = cosz + sinz
First iteration
For p =1 we have :
L(kata+1 UL (= 2°Uj (=
ﬁUé+l(m) = T 2( it )) +N(UQ()),Vk > 0
(31)
Ui(x) = cosz + sinw
By Picard’s principle ,there exists U (z) any root of the equation N(U?(z)) =0
(30) becomes
Ud(x) = cosz +sinz
(32)
T'(ka+1 *U} (= 82U (z
U’%Jrl(x) - F(k(a-‘ra-i-)l) (_ 8;4( b - 2( BjQ( ))> k20
For k = 0, we have :
(1 UL (x 2%U; (=
Ule) = iy (75 2 (552
I'(1 9*(cos z+sin 82 (cos z+sin z
= F((x(+)1) ( ( ad D _ 2( 527 ))) (33)
_ coszsinz
- T(atl)
For k =1 we have:
7
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U3 () = gty (- 25 — 2 (254 ))

_ D(a+1) ( 9% (cosz4sinz) 9 (82 (cos z+sin m)))
I'(2a+1) F(a—i—l) Ozt Ox?
_ T'(a+1)

T(2a+1) F(a+1) (cosz + sinz)

__ cosxz+sinx
T'(2a+1)

For k = 2 we have:

(2a+1) UL (x 82U (z
Us(z) = I‘(3ail ( 8;4 L - ( 8§2( )>)

_ I'(2a+1) ( ) ( 9*(cos z+sin z) _9 (82(cosx+sinw)))
— I'Ba+1) \ I( 2a+1 x4 Ox?
2a+1
(3a+1; (7(2(”1)) (cosx + sinx)

cos T+sin
T'(3a+1)

The inverse transform gives the approximate solution to the first ie

Z Ul tka

= UO( )0 + UL (2)t™ + U (2)t>* + U3 (@)t3 + - --

B . cosz +sinxr , coswx+sinz , ~ cosz+sinz 4
= (cosx +sinx) + T(a+1) I'2a+1) I'(Bar+1) o
o t2a t3o¢
= Si 1
(cosz + sin ) [ "Tar) "TRar) T@arD

= (cosz + sinz) E, (%)

Let’s calculate N(U}(z))
Like

2,1 2,1 3
N(u(, 1) = (ul(2,0)* 2550 — (u(@,)” (2552

Ox2

= ((cosz + sinz) B, (t*))* P ((cosztsin) Ba(t)) _ ((cosz + sin x) By (t%))° (

ISSN NO :

(34)

(36)

0363-8057

< - P . 3
_ Eg(ﬁa) (cosz + sin .7;)4 82(cobx-2&-smx) . Eg (ta) ((COSJJ n Sinac))2 (02(cosx+s1nx))

ox
= —E5(t*) (cos & + sinz)” + E3(t*) ((cos = + sinz))°
=0

So N(Uk(z)) =0
Step 2 gives us the following algorithm

o U2 (z 92U2 (x
Ui (@) = il (— 258 — 2 () 4 N(Uk(2))) Wk > 0

Ud(z) = cosz +sinx

VOLUME 11 ISSUE 6 2025
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92 (cos z4sin x) Eq (1)) ) 3

PAGE NO: 18



GRADIVA REVIEW JOURNAL ISSN NO : 0363-8057

Since N (U} (z)) = 0, we obtain

Ug(x) = cosx +sinw
U3e) = Tgatty (39)
-

The solution to step 2 is

u?(x,t) = Z UZ(z)tk
k=0

= Ug(2)t" + U (@)t + U3 (2)t** + U ()% + - -

cosx + sinx cosx + sinx cosx + sinx
= i to 2a 3o 4L 40
(cos +sinw) + =y T (2a+1) T@Bat1) | 140)
ta t20¢ t3a
— ., N 1
(C"”“m)[ Tar) "Tear) " TBarn "
= (cosx + sinx) B, (%)

Subsequently, for p > 3, we can find the same approximate solution by recurrence at each

step
ud(z,t) = ul(z,t) = ud(z,t) = --- = uP(x,t) = --- = (cosx + sinx) Eo (%) (41)

The exact solution is therefore :

u(z,t) = lim uP(z,t) = (cosx +sinz) E,(t%) (42)

p—+o0

where E,(t%) is the Mittag-Leffler function.

For a =1,

u(w,t) = (cosx +sinz) By (t) = (cosx +sinz) e (43)

is the exact solution to the problem

3.2 Example 2

Consider the following nonlinear fractional-order diffusion problem [15, 16]
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CDgu(w, t) = 1288 oy (2 t) + N (e, b))

(44)
u(x,0) = 2cosx + 3sinx
1 < a<l,t>0,zeR (45)
With s s
Ou(z,t) Bu(x,t)
N (uto ) = (w5 ) (w5 (46)
the non-linear term.
Using the fractional RDT method for the problem (43) we obtain :
a2
et Up 1 (2) = 32552 + Uy () + N (Ug(2)) ,Vk > 0
(47)

Up(z) =2cosz + 3sinz
The method of successive approximations to ( 45 ) gives
ata a*ur _
UL () = 35552 + U (@) + N (U (@) Yk 2 0
Vp>1 (48)

Ul (xz) =2cosz + 3sinz

Or
I'(katl 2?UP (x) D(ka+1 1
Ub (@) = riastly (35552 + UL (@) + rist N (U7 @) ¥k 2 0
Vp =1
Ub(z) =2cosx + 3sinx
(49)
Apply Picard’s principle to (47) let U (z) be a root of N (Ug(z)) =0
Step 1
For p =1, we obtain
ko *Up(x
Uk (@) = sty (35552 + UL () ¥k 2 0
(50)

Us(x) = 2cosx + 3sinx

10
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For £ =0, we have :

9%U; (=
Ulte) = risiy (35557 + U ()

I'(a+1)
2 .
= I‘F(S):,-ll)) (la (2 Cosaif’smm) + 2cosx + 3sin z) (51)
= ﬁ (cosx + %sinw)
= % (2cosz + 3sinx)
For k =1, we have :
I'a+1 T
Uz (z) = F((2a—:-1)) (% 2( L+ UL (= ))
I'(a+1 8% ((cos z+2 sinz .
= F((20;+1)) (F(alJrl)) <% (« AT ) + (cosz + S’smx)) (52)
132
= F((22a)+1) (2cosz + 3sinx)
For k = 2, we have :
I'2a 92U, (x
Ui (e) = R (15554 + U3 ()
_ T(2a+1) 1 1 32(l cosz+2 sin:c) 1 3 .
= T(3a+1) (F(2a+1)) (2 e + (5 coszT + Zsmx) (53)
1 3
= F(#)H) (2cosz + 3sinx)
By analogy for k = n we obtain
) (3)"
Un(x):m(Qcosx—i—Ssinx),VnEO (54)
The approximate solution to the first step is given by :
Z Ul tna
(3)" )
= 2cosz + 3sinz) | "
nzo <””°‘“> ( ) (55
o 1,0\n
= (2cosz + 3sinx) Z (1%)
n=0
= (2cosz + 3sinz) By (5t%)
Step 2
For p = 2 (47) becomes :
_ T(ka+1 1 02U (z) I'(ka+1
Ul§+1($) - F(k-(a+a+)1) (5 w2 T Uk( )) + WN( ( )) VE >0
(56)

Ud(z) =2cosz + 3sinx

11
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First, let’s calculate N (U}(x))

or

1 3 . 3
N (@) = (oo 252) o () P50

3
¢ inx lia
= [((2COS$+3sinx) E. (%ta)) 0((2cosx+3zzx)Ea(2t )):| i
3
i ST inz)Eq (2t
[((2608x+351nx) E, (%ta)) 9*((2 cos +3;I3 )Ea(5t%))
= |(2cosx + 3sinx) W} ES (Lt2) + [(QCOSQJ-I-SSinx) w} B8 (3
= |((2cosx + 3sinz) (3cosz — 2sinz))”® — ((2cos + 3sinz) (3cosz — QSinz))i”} ES (142
=0
(57)
Since N (ul(x,t)) = (0 then NV (U;i (x)) = 0, we obtain the same algorithm as in step p = 1,

i.e.

I'(ka+1 82U2 (x
Uppai(@) = F(k(oz+l_+)l) (% af’z( L+ Uz (95)) ,VE>0

Ug(x) =2cosx + 3sinx
The result is
(3)"
2

Unle) = I'(na+1)

(2cosx + 3sinz),Vn > 0 (59)

The solution to the problem in step 2 is

u?(x,t) = Z UZ2(x)tne
n=0

0o 1\n
- Z (% (2cosx + SSinx)) e

n=0

0o 1,0\
= (2cosx+?>sinx)z (F((ifcw)n)

n=0

= (2cosz + 3sinz) B, (5t%)

(60)

Subsequently, for p > 3, we can find the same approximate solution by recurrence at each

step

W3(z,t) = ut(z,t) = u5(m,t) = =uP(z,t) = = (2cosx + 3sinz) E, <;ta> (61)

The exact solution is therefore :

1
u(z,t) = pinﬂ}ooup(x, t) = (2cosz + 3sinz) E, (Qt’l) (62)

12
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where E,, (%t‘l) is the Mittag-Leffler function.

The exact solution of ( 43 ) for « =1 is

w(z,t) = (2cosz + 3sinz) e3* (63)

3.3 Example 3

Consider the following Burgers-type problem [12,13]:

CDou(w,t) = pu(x,t) — u(az,t)% — ¥ sin (2wz) e

: (64)
u(z,0) = coswz
w # 0,0<a<lt>0,zeR (65)
Let’s ask 5 .
N(u(z,t)) = —u(x,t)% - %Sin (2wz) et (66)
the non-linear term
The problem (62) can still be written as
CDou(x,t) = pu(x,t) + N(u(z,t))
(67)

u(z,0) = coswz,w # 0
By applying the reduced differential transformation to ( 64 ) , we obtain the following iteration

relation
T (ka+a+1)

T (ho £ 1) Uk+1(z) = pUx(z) + N (Uk(2)) (68)

with the initial condition in the form :
Up(z) = coswz,w # 0 (69)
In addition, the method of successive approximations gives

U¥(z) = coswz,w # 0

p>1 (70)

UL, (o) = ket (uU,f(a:) n N(U,f_l(x))> VE >0

Apply Picard’s principle to (67) let U?(x) be any root of the equation N (UP(x)) = 0

13
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Thus for p =1, we have

Ud(z) = coswz,w # 0

L) = e (o)) > 0

The result is

Ud(z) = coswz,w # 0

Ui(x) = Wcoswx
2

Us(x) = m COS WL

Ul(z) = F(#"_H) COS WT

The approximate solution at step p =1 is

o]
E Ul tna
n
n=0
o]

(F(na_ﬂ) cos wx) e

M

n=0

8

(F(n;):;) ) COS WT

= Ea (ut™) cos wx

Let’s calculate N (U} (z))
Like

N(ul(z,t)) = —ul(x,t)w — ¥ sin (2wz) B2 (ut®)
O(Eq (put” )coswx) w

ox 2

B (ut%))? cos w289 _ @ gy

= —FE, (ut%) coswz

(
= — (Bq (ut*))? w cos wz sin ww —

=0

sin (2wz) E? (ut®)
201) @ gin () (Ea (5t))?

Y sin (2wz) (Eq (ut))?
= (Bq (ut®))? (% sin (2wz) — ¥ sin (2wz))

ISSN NO : 0363-8057

(74)

Since N (ul(:c,t)) =0 then N (U,i (:c)) = 0, we obtain the same algorithm as in step p = 1,

i.e.

U(z) = coswz,w # 0

U1 () = rragaqny (WOR (@) ,VE >0

14
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then after calculations we have :

Ug(z) = coswz,w # 0
Ui(z) = CEsy COS Wz (76)
Ui(z) = F3aTT) COSWT
U,,zl(l') = mcoswm
The solution to the problem in step 2 is
(oo}
u?(z,t) = Z Uk (x)tne
n=0
= M cos wx) e
7; (F(na+1) (77)
= Z <F((F7L::I;)) cosw
n=0

= E, (ut%) coswz

Subsequently, for p > 3, we can find the same approximate solution by recurrence at each
step
ud(z,t) = u(z,t) = ud(x,t) = - = uP(x,t) = - - = B, (ut™) cos wx (78)

The exact solution is therefore :

w(z,t) = lm uP(x,t) = Eq (ut®) coswz (79)

p—>+o0

where E,, (ut®) is the Mittag-Leffler function.

The exact solution of (43) for a =1 is
u(z,t) = By (ut) coswz = e coswx (80)

3.4 Example 4

Consider the following nonlinear fractional-order diffusion problem [12, 14]

2 o) 3
CDou(z,t) = A2 gg’t) + whu3(z,t) + (6 gii’”)

u(z,0) = cos (wz) + sin (wz)
w # 0 l<a<lit>0,zeR (82)

15
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Let’s ask

2u(z °
N(u(z,t) = wbud(z,t) + (W) (83)

the non-linear term

CDeu(w,t) = )\% + N(u(z,t))
W #0 (84)

u(z,0) = cos (wx) + sin (wx)

Applying the reduced differential transformation to (80) , we obtain the following iteration

relation P (ko tat) 02U (@)
a+a B w(x
mUk+1(x) =X 92 + N(U(z)) (85)
with the initial condition in the form :
Up(z) = cos (wz) + sin (wzx) ,w # 0 (86)

In addition, the method of successive approximations gives

o 82UP (z _
U (o) = rhtasitly (AR + N @)

F'(ka+a+1)
Vp 21 (87)
Ul (x) = cos (wz) + sin (wz) ,w # 0
Step 1
For p = 1 we have :
I'(ka 32U} (x
Uk (@) = F(k(a+:<1k)l) (A s+ N(U,S(x)))
(88)

Ug(x) = cos (wz) + sin (wx) ,w # 0

Apply Picard’s principle to (84), let U (z) be any root of the equation N(Up(z)) =0
then (84) becomes
Ug(x) = cos (wz) + sin (wx) ,w # 0

(89)
T'(ka 32U} (x
Ui () = /\r(k(aJr:«lr)n 8;:2( )
Using (85), we obtain the following values in succession
16
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Ug(x) = cos (wz) + sin (wx) ,w # 0
1 _ (—wzk)l .
Ui (z) Ty (cos zw + sinzw)
—w?X
U3(z) = g"(2a+lg
Ui(z) = g?:aiz) (cos zw + sin zw)

(cos zw + sin zw) (90)

(7‘02)\ n

Un(z) = T(nat1)

(cos zw + sin zw)

The approximate solution at step p =1 is
_ Z Ul tna
; ’!
= cos Tw + sinaxw) | t"*
g (F(ncx+1) )> (91)

N > —Aw? to‘ .
= Z F(na+1) (cos zw + sin zw)
=0

= (cos aw + sin aw) By (—Aw?t®)

Step 2
For p =2 ( 83 ) becomes

« 82U3(z
V(@) = riasaty (AZ5H + N(UL @)

Ug(x) = cos (wz) + sin (wx) ,w # 0

Let’s calculate N (U} (z))

Since
) 1 3
N(ul(z,1) = o (ul(z,0))" + (%)
— b ((Cosxw + sinmw) E, AthO‘ + (8 (cosxw—&-sin;c:;)Ea(_)\w?ta)
‘ 3
= (Ea (—/\wzta))sw6 ((cos zw + sinaw))® + (Ea (—/\wzta))?’ (W)
= (Ea (i/\wzta))Sw() ((cosaw + Slnxw)) + (Ea (*/\w2t0‘))3 (*wz (coszw + sin:u,u))3
( 6

= (Eq (—Aw?t?)) ’ [w cos 2w + sin zw))® — (w? (cos aw + sin mw))3]
=0
(93)

then N(Ul(z)) =0

17
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This gives

Ug(x) = cos (wz) + sin (wx) ,w # 0
—w? 1
UZ(x) = (F(aiJrAl) (cos zw + sin zw)
U3(x) = (F@Tﬁ (cos zw + sin zw)
2
Ui(z) = % (cos zw + sinzw)
(cwA)"

= ot (cos zw + sin zw)

The solution to the problem at step p = 2 is

SO

o0
ul(w,t) =Y Ud(a)tm
n=0

2

= Z ((p(:ai)l) (cosmw + sinxw)) e
n=0
s _ W2 a\n"

= Z ((F(Anozil)) ) (COS Tw + sin .’I}w)
n=0

= (cos aw + sinzw) B, (—Aw?t®)

u'(z,t) = u*(z,t) = (cos zw + sinaw) Eo (—Aw?t®)

ISSN NO : 0363-8057

(94)

(95)

(96)

Subsequently, for p > 3, we can find the same approximate solution by recurrence at each

step

W (z,t) = u'(z,t) =u(z,t) = - = uP(z,t) = -+ = (cos 2w + sinzw) E, (—Aw?t®)

The exact solution is therefore :

u(z,t) = pirgooup(x, t) = (coszw + sin zw) B, (—Aw’t®)

where E,, (—)\w2t“) is the Mittag-Leffler function.

The exact solution of (78) for a =1 is

4 Conclusion

u(z,t) = (coszw + sinzw) e

—Aw?t

(97)

In this article, we first describe the BYJ numerical method and use it to solve certain nonlinear

fractional-time partial differential equations in the sense of Caputo. The BYJ method was used

to solve four problems whose difficulty levels depended on the nonlinear term introduced, and

VOLUME 11 ISSUE 6 2025
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led to more accurate results. The results obtained show that the new method is efficient and
easy to use for finding approximate solutions for fractional-order partial differential equations in
time. Thus, the proposed method has a significant impact on the way engineering, physics and

other disciplines solve fractional-order equations.

b
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