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Abstract

The aim of the paper is to establish a general expansion formula for the
Aleph — function of one variable. It is significiant to observe that a large
number of finite and infinite series for this function can be easily summed
up by using the summation theorem for ordinary hypergeometric series
in the main result. Also, by appropriately specializing the parameters of
the aleph function, one can obtain expansion formulas for simpler special

functions of one variables.
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1. Introduction :

In this chapter, we have established some finite and infinite series expansion
formulae involving N-function. the results obtained here are interesting and
of general character and hence encompass several cases of interest.McRobert
[1958,1959,1959a],Srivastava H.M.[1985], Srivastava H.M. and Panda R.[1975],
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Ayant F.Y.[2016] ,Agrawal M.K and Jain S.S.L.[1997] Anandani,P.[1969] ,Sharma
,C.K. and Jain , N.C. [1972] ,Sharma , C.K. and Chouksey,S.K. [1985], and other

established the finite and infinite expansion formulae for the E and H function.

Here, we have obtained sum of number of finite and infinite series involving
multivariable N-function by expressing the N-function as Mellin - Barnes type
integral (), interchanging the order of integration and summation and then eval-
uating the summation inside the integral with the help of known results. These
known results are basically the known theorems like Saalshutz, Dixon, Watson
etc. and some identities like Gould identity, Lagrange’s expansion, formulae etc.
Remaining results have been derived with the help of known results due to Bhatt
[1965].

Recently Vyas and Rathie [1999] established an expansion formula involving

Gagebauer Polynomials and mul R-function.

2. EXPANSION FORMULAE :

The following expansion formulae can be established satisfying the following
condition.
(1) a, 8,8 >0
(2) n>0,2>0and
(3) |argz| < 1/2 Vmr,V > 0, the definition of X— function.

EZ: Oz—z—l)kNerl,nJrl p (a—Fk,h),...... ,(a+k—2zh)
3 pit+2,q:+2,7i5r g
e~ '3 —a), (k,h), ..oy (k= 2, h)
_m m+3,n+3
- (2_204>z pi+6,qi+6,7i;7
)7( a—z, )’( _z-é—%h),,,,,,.,,,(a—z,h),(%,h),(Z,h) (2.1)
(,h (% ) ,,(—k,h)(a_%’h>’(a_z’h) ) .
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3
ZZ: 1)kNmn+2 7 (Oz—k’—z,h),(a—k,h), ....... e
p ! 5—a)k e I e Lk h), (142 — k, h)
_ 22z(1_a)z m+2,n+3
o (2_204),3 Pi+5,qi+5,Ti;r
| (@h) (a=5m), (0= h), ,(3,h), (1+2z,h) (22
CELR) (U ER) e (0h) (= 5 R) (T4 2,h) |

Proof :

To prove (2.1), we first replace the R-function in left -hand - side .by its

Mellin -Barnes type contour integral

2 (=) (a—2—13), 1 o D(k—hé),T(1—a+k+ht) _
> s [ o “dg

MG —a), 2w )y ST s ke ke [(at k- 2, he)

Interchanging the order of summation and integration,

LN ” 2 (=) (o — 2 — L) KD (k — REOT(1 — o + k + hé)
2mi Jy, pir (£)7dE {kz k)W —a), D1+ z+k+hT(a+k — 2z — hé) }
Using («), = F(FOEJ“") here, we have
1 mn 0 —hT(1 — a + hE) ¢
2mi J, Qp"’qi’mr(g)F(l +z+hNa— 2z — hﬁ)z a
ZZ: (—2)k (@ — 2z — %) Lk —hI(1 —a+ k+ hE)
o %ﬂ@—a)FU+Z+MMNa—z—MM
C2mg f PeeeT F(l +z4 hf)F(a — z — hé)
AP —z,1—a+h§,0—-héa—z —% e
a—z—h§1+z+h§——a '
- -n,a,b,1/2—a—-b—n ~ (2a)n(20)n(a+b),
Usingd [ l—a—n,1—-b—n,1/24+a+0b ~ (a)n(b)n(2a + 2b),

here , we get
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o [ @

L

D(1— a + hE)T(0 — he)(2 — 2a + 2h€).(~2h€).(1 — a).
F14+z+hlMa—2z—hE)(2—2a),(1 —a+ h),(—hE).

F(FOEX) and Legendre Duplication Formula

AT

Again using («a), =

here,we get

2%2(1 —a), 1
M_./Q"E”_ _.(6)
(2 _ Qa)z 27TZ I Piqi,Ti;

FO—hM(1—a+hT(1—a+2+hM(1 — a+ =L + k)
L1424+ h&D(1 —a+hEI(1 — a+ 5 + hé)
I(2—h& T (3 —he)T(1— o+ h&)T(0 — hE) ¢
L0 —hET (3 —hE) D(1 —a+ 2+ h&)(z — hE)
2%(1—a). 1 / (LR (5 — he) [(55 — he)
(2—-2a), 2mi J, PPTTTT(14 2+ ROD (1 — a+ 5 + hE)
F(l—a+Z+h8)r(1—a+2 +h)"(1—a+hf)

dg

—£
MNl—a+z+hl(a—z—he)'(z — hé) 2
_ 22(1 = )5 mesmes (a,h), (a=2,h), (==L 0),...,....(a — 2 h),(5.h),(2,h)
(2 _ 204)z Pi+6,q: 46,755 (O, h), (%:h) ’,,.,...,(—k, h) (Oz — %, h) ,(Oz -z, h)

Which is the required result.

To prove (2.2), expressing R-function in left -hand - side as contour integral

'l—a—k+2z+h8,I'(1—a+k+hé)
I'l—k+h8,I'(1—2z+k,hE)

: (—z)k(a—z—%)ki/ o

£
(k)! (% — a)k 271 QPiniJﬁT‘(f) P df

k=0

Interchanging the order of summation and integration,

z

1 mn ¢ (=2 (a—2z—3)kD(1 —a+z+h —k)T(1 — a+ k + hE)
% LQpi7Qi,Tir(£)Z df {; (k:)!(%—a)kF(l—hS—k)F(l—z+hf+k) .

Using (e, = S and (), = S

here, we have
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1 I'l—a+z+hI'(1 —a+ hé)

L m,n ¢
/. Qg (€) I'(1+h§T(1 — 2z — hE) ok

2 ( Z)k (@ —2—3),T(1—a—h&)l(=h&)
N (5 —a), Tla—2z—h&)i (=2 + hé),
1 . F(1—a+z+h§l(1—a+hé)
arer (€) L1+ hET(1 — 2z + k)

= 277-7/ I Pisqi,Ti;

4F3[—z,1—04+h§,0—h§, 2—1

1| Z7¢d¢.
oz—z—hﬁ,—z+h§,§

—n,a,b,1/2—a—b—n
l—-a—n1-b—n,a+b—1

U sing 473 [ @ (b)n(20+20—1),

1] __(20)n(2)n(atb)n

here, we get

L [ gmn (1 — o+ 2+ hED(1 — a+ h)(2 — 20 + 2h€),(1 — 2h€).(1 — @
podsrir (€) 1+ he)0 (=2 + he)(1 — ar+ h§):(1 — h§)=(2 - 2a).

I'(a+n)
T'(«)

): Z=8d¢

2m Jp,

Again using (a), = and Legendre Duplication Formula

here, we get

222(1 —a), 1
M__ / Qme (€)
(2 _ 2a)z 27-{-2 I Pisqi,Ti3

Fl-—a+z4+4h)ll—a+h)I(1—a+2+hl(1l—a+ = +hOI(1 —a+ 22 + hf)
L1424 h(1 —a+h L (1 —a+ 3+ hE)

22:(1 — ), 1
— —_Qm7n .
(2 _ 2a)z 2711 pi,qz'mr(g)

T (25— ng) (142 — he) [(1— a+ he)
P1—0+h8) [{1—Q+2)+h8) [{1—(a—3)+nE}
T (a=3) +he}[{1 = (a = 57) + R}
( hf) [(1+ 2 = he)
_22(1—0): nas H Sh), (=22 R) (5, h), (1+2,h)
(2—2a), PEPeESTE ( ) (1+ ) oy (00R) (o= 5, B) (14 2,R)

278d¢

Which is the required result.
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3. SPECIAL CASES OF (2.1) and (2.2)

(1) On taking r = 1, the result (2.1) reduces to

Z (=2)k (@ —2—73), malndl (o —k,h),...... (a+k—=zh)
Z ] Hp+2 q+2 Z
2w (E—a), N A
_223(1 @), s ppmsngs | (a,h), (= %,h), (==L h),...,... (a—2h), (3 h) (2,h)
(2= 2a), ~ PHOAE (0,h), (2,h) .oy oy (=K, ) (= 5, B) (@ = 2, h) ’
BD
Further , on taking a; = 3; = 1 result reduces to that of G - function.
z o) P (a—Fkh),...... (a+k—zh)
Z Gpiagrz |?
P -g—Q% (kyh), .oy (k= 2, h)
:222(1—04)Z 33 (o, h), (= 2,h), (==L 0),...,... . (a—2zh),(3.h),(2,h)
(2 —2a), ~PFOFS (0,7), (3.R) . ovoy (—k,h) (@ — L B) (@ — 2,h) ’
(3.2)
(2) On taking r = 1, the result (2.2) reduces to
2 (2 (a—z2=3), oo (a—k—zh),(a—kh),. ... e
Z | Hp¢7+2,qz'+2,7'i# 4
— (k) ) ...... ooy (kyh), (142 —k,h)
2 (1= a). ianis [ (), (= 2,R), (= 2L, R) ..o, (;,h),(1+z,h)]
- i+5,q; 45,77 P P
(2—2a), PO CELRY (U4 20h) e, (0,R) (= LR) (14 2, R)
(3.3)

Further , on taking o; = 3; = 1 result reduces to that of G - function.

Z 2= 1) e (a—k—2zh),(a—kh),...,...

Z GP¢+2,Q¢+2,Ti§7“ <

p .5—a% oo (kR), (1 + 2 — K, B)

:22Z(1—a)z 2t B (a,h),(oz—%,h),(a—Z;’l,h),...,...,(% h) (14 z,h)
(2 —2a), PEEERTTAT LY (142 0h) ., (0,R) (a— L R) (14 2, R)
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