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Abstract: In this paper, we introduce the fuzzy topology by involving the Boolean algebraic structure on 

it and  the notion of Boolean algebraic fuzzy topological spaces.  Fuzzy set was introduced by L.A. 

Zadeh as a generalization of the notion of classical set or crisp set. Fuzzy topological spaces were 

introduced by C.L. Chang and studied by many eminent authors like C.K.Wong .A.Rosenfeld applied 

the notion of fuzzy set to algebra and introduced fuzzy subgroup of a group. Shaoquan Sun introduced 

the notion of fuzzy Boolean subalgebra in a Boolean algebra.  
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1. Introduction 

  L.A Zadeh’s [8] introduced the fundamental concept of fuzzy sets. The study of fuzzy topological spaces 

and fuzzy Boolean algebra are the two main branches of such mathematics. General topology and Boolean 

algebra can be regarded as a special case of fuzzy topology and fuzzy Boolean algebra respectively, such as 

membership function takes the values 0 and1only.  Some basic properties of fuzzy topology are discussed 

in[1,10] and related to fuzzy subalgebra of Boolean algebra are discussed in [5, 6].It is remarked here that 

Boolean algebraic fuzzy topological spaces are different from fuzzy topological Boolean algebras, as 

introduced by A. Parvathi and K.N. Meenakshi in [3]

2.Preliminaries 
In this section, we list some basic concepts and well known results on fuzzy topology 

and fuzzy Boolean algebra for the sake of completeness of the topic under study. Throughout the 

paper, and Xdenotes the constant fuzzy sets on X defined by (x) = 0; x  X and  

X(x) = 1;x  X. 

 

Definition(2.1): Let X be an on empty set and IX denotes the set of all fuzzy subsets of X, i.e., the 

set of all mappings : 𝑋 → 𝐼. Then a subfamily  IX is said to be a fuzzy topology on X, if it 

satisfies the following: 
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i 
i

(i) , X; 

(ii) If{i: i},then; 

(iii) If ,be any two members, then . 

If is a fuzzy topology on X, then the pair(X,) is called fuzzy topological space(FTS).The members of 

 are called -open sets. A fuzzy set of X is said to be -closed in (X,) if and only if cis -open set in 

(X,).When=IX ,then (X,) is called a discrete fuzzy topological space and when ={,X},then (X, ) is 

called an indiscrete fuzzy topological space. 

Definition(2.2): Let X and Y be two non-empty sets and 𝑓: 𝑋 → 𝑌 be a mapping. Let and  be fuzzy sets 

of X and Y respectively. Then the image of  under the map fis denoted by f () and is defined as  

defined as  𝑥𝑓(𝜇)(𝑦) = {𝑆𝑢𝑝 {𝜇(𝑥): 𝑥 ∈ 𝑓ିଵ(𝑦)}: 𝐼|𝑓ିଵ(𝑦) ≠ ∅}. Also the pre image of v under f is 

denoted by 𝑓ିଵ(𝑣) and is defined as 𝑓ିଵ(𝑣)(𝑥) = 𝑣൫𝑓(𝑥)൯; ∀𝑥 ∈ 𝑋. 

Remark (2.3) : Note that (x)f(f(x));xX, and equality hold when f is bijective. 

Definition (2.4)[1]: Let (X1,1) and (Y2,2) be FTSs. Then the function f:(X1,1)(Y2,2) is 
 
(i)  fuzzy continuous: if and only if for every 𝑣 ∈ 𝛿ଶ; 𝑓ିଵ(𝑣) ∈ 𝛿ଵ 

(ii)  fuzzy open: if and only if for every 1f()2. 

(iii)  fuzzy closed: if and only if image of every 1-closed set is 2-closedset. 

(iv)  fuzzy homomorphism: if and only if f is bijective,fuzzy continuous and fuzzy open(or fuzzy closed). 

 
Definition (2.5)[10]: Let  be a fuzzy set in X and  is a fuzzy topology on X. Then the induced fuzzy 

topology on is the family of subsets of which are the intersections with of -open fuzzy sets in X. The 

induced fuzzy topology is denoted by i.e.,= {:}, and the pair (,) is called a fuzzy 

subspace of (X, ). 

Definition(2.6)[10]: For any (0,1] and xX, a fuzzy set xin X is called a fuzzy point in X if 

𝑥ఒ(𝑦) = ቄ
𝜆          𝑖𝑓 𝑦 = 𝑥, ∀ 𝑦 ∈ 𝑋

0            𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                 
 

The fuzzy point xis said to belongs to the fuzzy set , denoted by x, iff (x) . In particular, 

xyx=y and .The characteristic mapping of a subset A of X is denoted by A and is defined as 

𝜒஺(𝑥) =  ൜
1 , 𝑖𝑓 𝑥 ∈ 𝐴

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
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Obviously, a characteristic function A is also a fuzzy set on X and for any non-empty subsets A and B of 

X, we have A  B if and only if A B. 

Definition(2.7)[5]:  Let (B,+,*,,0B,1B) be a Boolean algebra and IB be a fuzzy set, then is 

called a fuzzy Boolean subalgebra (FBSA) of B if for all x, y B 

(i) (x+y) min{(x),(y)}; 

(ii) (xy) min{(x),(y)}; 

(iii) (x) = (x). 

Lemma (2.8): For any fuzzy Boolean subalgebra  of Boolean algebra (B, + , * ,  , 0B, 1B) the 

following holds 

(i) (1B) (x),xB 

(ii) (0B) (x),xB 

(iii) (0B) = (1B) 

Proof:(i) Since (1B) = (x+x) min{(x),(x)} = min{(x),(x)}= (x),xB 

(ii) Also,(0B) = (xx) min{(x),(x)}=min{(x),(x)}=(x),xB 

(iii) From(i)and(ii),we get (1B) (0B) and (0B) (1B) and so (0B) = (1B). 

The following results are 

Result(2.9):(i) If H is a subset of a Boolean algebra B, then H is a fuzzy Boolean subalgebra  of 

B if and only if H is a Boolean subalgebra of B. 

(ii) All constant fuzzy sets of a Boolean algebra B are fuzzy Boolean subalgebra of B. 

                            3. Fuzzy Topology with Boolean Algebraic 

In this section, we will introduce Boolean algebraic fuzzy topology and give basic properties of this 

structure. We also discuss similarities with and difference from other fuzzy topological spaces. 

Definition (3.1): Let (B, + , * ,  , 0B, 1B) be a Boolean algebra and IB denotes the set of all fuzzy 

subsets of B. Then the collection T = {:IB such that (x) = (x) for all xB } is a fuzzy topology 

on B and B with this topology is called Boolean algebraic fuzzy topological space (BAFTS).  

It is denoted by (B,T).  

Proof. Since and Bare constant fuzzy sets on B such that (x) = (x) = 0, and B(x) = 

B(x) = 1, for all xB. Therefore, T and BT. 

Next, let ,T be any two members and xB be any element, then 
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()(x) = min{(x),(x)} = min{( x),( x)} = ()(x). Thus T.  

Further, let { i: i  }  T.                     

൭ራ 𝜇௜

௜∈ஃ

൱ (𝑥) =  𝑆𝑢𝑝(௜∈ஃ){𝜇௜(𝑥௜)} =  𝑆𝑢𝑝{𝜇௜(𝑥ᇱ)} =  ൭ራ 𝜇௜

௜∈ஃ

൱ (𝑥ᇱ) . 

So that (⋃ 𝜇௜௜∈ஃ ) ∈ 𝑇. 

Hence T is a fuzzy topology on B. 

Remark (3.2): A fuzzy set of a BAFTS (B,T) is called T- closed if cT. It is easily to  verify that 

and Bare T-closed and if ,are T-closed, then is also T-closed and if{i:i}be an arbitrary 

family of T-closed sets, then is also T-closed set. 

Theorem (3.3) : A fuzzy set of the BAFTS B is T-closed if and only if is T-open. 

Proof: Let be T-open set, then (x)=(x) for all xB. 

Now, c(x) = 1-(x) = 1-(x) = c(x).  

So c is T-open i.e., is T-closed. 

Converse is also true. 

Example(3.4): Let B = {0B,a,b,1B}be the diamond Boolean algebra, where the three operations +, 

andare defined as x+y = Sup{x,y} and xy = Inf{x,y}such that 0'1,1'0, ab and b a. 

Let = IB  be the discrete fuzzy topology on B.We show that (B, ) is not a 
BAFTS.  
Let H={0B, a, 1B} be a subset of B. Define a fuzzy set  on B as follows: 

 

𝜇(𝑥) =  ൜
𝜆𝑖𝑓𝑥 ∈ 𝐻

0 𝑖𝑓𝑥 ∈ 𝐵\𝐻
   , where λ ∈ (0,1] 

 
Then (a)= ,but (a) = (b) = 0 i.e., (a) (a), soT, where T is the BAFT on B. Hence is not a 

BAFT on B. 

Now, we show that under certain condition on B, a BAFT S is also a discrete FTS. 

Theorem(3.5):  Let (B,T) be a BAFTS such that x=x, xB. Then(B,T) is a discrete FTS. 

Proof: Let IB and x B be any element. Then (x) =(x) T. So IB T. Hence T is a discrete 

fuzzy topology on B. 

Note (3.6): We notice that the Theorem (3.5) holds only in the case when the Boolean algebra B is 

trivial one.This implies that there does not exists non-trivial Boolean algebra B for which the 

BAFTS is a discrete fuzzy topological space. 
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Remark (3.7): (i) If B is a Boolean algebra such that there exist atleast one element x, such that 

x{0B,1B,},  

then the BAFTS on B is not a discrete FTS. 

(ii) If |B|2, then the BAFTS (B,T) is not an indiscrete FTS,i.e.,there exist IB,which is different from 

and Bsuch that T. 

Theorem (3.8): Every fuzzy Boolean subalgebra of a Boolean algebraic fuzzy topological space B 

is T-open set. 

Proof: Let be fuzzy Boolean subalgebra of a Boolean algebra B. Then by Definition(2.8),we have 

(x) = (x),xB i.e., T. Hence is T-open set. 

Remark (3.9): Converse of Theorem (3.7) is not true i.e., T-open set does not need to be fuzzy Boolean 

subalgebra of B. 

Example (3.10): Consider B={0B,a,b,1B} be the diamond Boolean algebra as defined in Example(3.4). 

Let H ={a, b} be a subset of B. Define a fuzzy set  on B as follows: 

𝜇(𝑥) =  ൜
𝜆𝑖𝑓𝑥 ∈ 𝐻

0 𝑖𝑓𝑥 ∈ 𝐵\𝐻
   , where λ ∈ (0,1] 

Let T be the BAFT defined on B. If T however, is an fuzzy Boolean subalgebra of B, for 

(a+b) = (1B) = 0 = min{(a),(b)}.If T is a open set in BAFTS(B,T) is a fuzzy Boolean subalgebra  

of B.  

Lemma(3.11): Let be a fuzzy Boolean subalgebra of the Boolean algebra B, then (𝑥𝑦)ఊ ∈ 𝜇 𝑎𝑛𝑑 (𝑥 +

𝑦)ఊ ∈ 𝜇 where 𝛾 = min{𝛼, 𝛽} ∀𝑥ఈ , 𝑦ఉ ∈ 𝜇 

Proof. Let be a fuzzy Boolean subalgebra of B and x,ythen, we have 

(x) and (y) min{(x),(y)} min{,}= . 

As is fuzzy Boolean subalgebra of B 

(xy) min{(x),(y)}min{,}= and (xy) min{(x),(y)}min{,}= . 

This implies that (xy)and (xy). 
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0 H 

Theorem (3.12): Let be T-open set in BAFTS (B,T),then is a fuzzy Boolean subalgebra of B if and 

only if x,y, we have (xy)and (xy), where =min{,}. 

Proof: When T and is a fuzzy Boolean subalgebra of B, then the result follows by Lemma (3.11) 

Conversely, let be T-open set such that x,y, we have (xy)and (xy), where =min{,} 

To show that is a fuzzy Boolean subalgebra of B. 

Let x,yB be any element and suppose that (x)=and (y)=. Suppose 

that , then min{, } = . 

Now, (x) = and (y) = . Then x,y(xy)and (x +y)

i.e.,(xy)=min{,}=min{(x),(y)}and(x+y) =min{(x),(y)}.  

If  is similar. Thus in both the cases, we find that 

(xy) min{(x),(y)}and (x+y) min{(x),(y)}.  

As  T, therefore, (x) = (x) for all xB. 

Hence is fuzzy Boolean subalgebra of B. 

Theorem (3.13): Let H be a Boolean subalgebra of a BAFTS(B,T), then the relative fuzzy topology 

TH on H is a BAFT on H. 

Proof: The subset H of B (in the ordinary sense) has a characteristic function H such that 

𝜒ு(𝑥) =  ൜
1, if x ∈ H
0, if x ∉ H

Clearly, H(x) = 1,xH is a constant fuzzy set on H. 

Let TH= {H:T }. Then we claim that TH is a BAFT on H. 

For, choose T, then as (H)(x) = min{(x),H(x)}=(x), so we haveTH. 

To show that HTH, choose Bthe characteristic function for B, then 

               (BH)(x) = min{B(x),H(x)} = H(x), so we have HTH. 

Further, let {iH: i  } TH. Then,⋃ (𝜇௜ ∩ 𝜒ு)௜∈ஃ =  ⋃ (𝜇௜ ∩ 𝜒்)௜∈ஃ . 

Also, let 1Hand 2Hbe any two members of TH. 

Then, (1H) (2H) = (12) HTH. Hence THis a fuzzy topology on H. 

Further, let T1is a BAFT on H, then we show that T1=TH. 

Let HTH, then (H) (x ) = min{(x),H(x)} = min{(x),H(x)} = (H)(x). 

 So, H T1,i.e.,TH T1. 
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Further, let T1and so (x) = (x), xB. 

Also, = HTH. Therefore, T1THand so T1= TH.  

Hence relative fuzzy topology on H is the BAFT on H. 

                4. Functions on Fuzzy Topological Spaces with Boolean Algebraic 

        In this section, we study the behavior of Boolean algebraic fuzzy topology under different 

Boolean homomorphism (isomorphism) and also under fuzzy continuity from one Boolean 

algebraic fuzzy topological space to another Boolean algebraic fuzzy topological space. 

Theorem (4.1): Let f: B1B2 be a Boolean isomorphism and T1,T2 be BAFTs on Boolean algebra 

B1 and B2 respectively. Then f is a fuzzy homomorphism between BAFTS (B1,T1) and (B2,T2). 

Proof: Let f: B1B2 be a Boolean isomorphism, where B1 and B2 are Boolean algebras. We show that f 

is a fuzzy homeomorphism. For this, we need to show that f is a fuzzy continuous and fuzzy open 

map. For fuzzy continuity: let  be any T2- open set and xB1be any element. Then 

ISSN NO : 0363-8057

PAGE NO: 219

GRADIVA REVIEW JOURNAL

VOLUME 11 ISSUE 10 2025



 

 

 

(f -1())(x) = (f(x)) = [{f(x)}] = (f(x)) = (f -1())(x). 

So f -1() is T1-open set. Hence f is fuzzy continuous. 

For fuzzy open mapping: let be any T1-open set and let yB2 be any element, then unique xB1 

such that f(x) = y. 

Now, f()(y) f()(f(x)) (x) (x) f()(f(x)) f()(f(x)) f()(y). 

i.e., f ()T2.Therefore, f is fuzzy open mapping. Hence f  is a fuzzy homeomorphism. 

Theorem(4.2): Let f :(B,T)(B,T) be a mapping from a BAFTS(B,T) on to itself defined by f(x) = x; 

xB. Then f is bijective and fuzzy continuous. 

Proof: Clearly, f is one-one and onto. Let T be any open set. Then we show that  f -1() T.   

Let xB be any element f (x) = x. 

Now, f-1()(x) = (f (x)) = (x) = (x) = (f (x)) = f-1()(x)  

So, f-1() T . Hence f is fuzzy continuous. 

Theorem(4.3): If f :(B1,T1)(B2,T2) be a mapping defined by f(x) = (f (x)),xB1. Then f is 

fuzzy continuous. 

Proof: Let xB1 be any element. Let T2 be any open set. Then we show that  f1()T1. Now,  

f -1()(x) = ( f (x)) = ( (f (x))) = ( f (x)) = f-1()(x)[ As  T] 

So, f-1()T. Hence f is fuzzy continuous. 

Theorem(4.4):Let the mapping f:(B1,T1)(B2,T2) be fuzzy continuous. Then 

f(x) = (f(x))or (f(x)), xB1. 

Proof: As f is continuous. Therefore, if  be any T2-open set, then f -1() is T1-open set.  

Let x B1be any element, then we have f -1()(x) = f -1()(x) (f (x)) =  (f (x)). 

Let H ={f (x),(f(x))}. Clearly, H B2. Define the fuzzy set on B2 as follow: 

𝜃(𝑦) = ൜
λ if y ∈ H
0 if y ∉ H

    where𝜆 ∈ (0,1]

Obviously, T2. As proved earlier, (f(x)) = (f(x)). This means that either f(x) = (f(x))or (f(x)).  

Hence proved. 

Note(4.5): If  f is one-one or f(x) (f(x))for all xB1, then we have the following theorem: 

Theorem(4.6): Let f:(B1,T1)(B2,T2) be a bijective mapping. Then f is fuzzy continuous if and only if 

f(x) = (f (x)),xB1. 

ISSN NO : 0363-8057

PAGE NO: 220

GRADIVA REVIEW JOURNAL

VOLUME 11 ISSUE 10 2025



 

 

 

Theorem(4.7): Boolean algebraic fuzzy topological space is a fuzzy topological property. 

Proof: Let (B,+,,,0B,1B) be a Boolean algebra and (B,T) be a BAFTS. 

Suppose that f: (B,T)(X,T) be a fuzzy homeomorphism. We will show that (X,T) is also a BAFTS. To 

prove this, we first show that X is a Boolean algebra under the operation: 

For any yiX ’s unique xiB such that f (xi) = yi, where i = 1, 2, 3.We have 

y1y2 = f(x1) f(x2) = f(x1x2) i.e., y1y2 = f (f-1(y1) f-1(y2)) = f(x1x2) and 

y1y2= f (x1) f (x2) = f (x1+x2) i.e., y1y2 = f (f -1 (y1)+ f -1 (y2)) = f (x1+ x2). 

Clearly, y1y2 = y2y1 and y1y2 = y2y1. Moreover, it is easy to show 

that y1(y2y3) = (y1y2)y3 and y1(y2y3) = (y1y2)y3. 

Also, y1(y2y3) = y1[ f(x2+x3)] = f(x1)[f(x2+x3)] = f{x1(x2+x3)}= f{x1x2+x1x3} 

= f(x1x2)f(x1x3) = y1y2y1y3. 

Similarly, we can show that y1(y2y3) = (y1y2)(y1y3) 

There exists elements f(1B)=1X and f(0B) = 0X in X such that y1X = y and y0X = y, yX 

Existence of inverse: let yX. Then xB such that y = f (x). 

We show that y =f(x) is the complement of y. 

Now, yy = f (x) f (x) = f(xx) = f(1B) = 1X and yy = f (x) f(x) = f(x+x) = f(0B) = 0X. 

Hence X is a Boolean algebra under the operations  ,  and . 

Next, we show that the topology T is the BAFT on X. 

Let Tbe the BAFT on X. Then we show that T=T. 

Let yX  be any element then a unique xB such that f(x)=y. 

Let T. f1()T.  

Also,becauseTisaBAFTon B 

f1()(x)f1()(x);xB 

i.e.,(f(x))(f(x))((f(x))

(y) (y);yX 

 T,   TT. 

Conversely, let T.Then for any element yX, unique xB such that f(x) = y. 

Now (y)(y) (f(x))((f(x)))(f(x)) 
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i.e., f1()(x)=f1()(x)f1()T. 

As f is fuzzy open mapping f( f 1())T i.e.T. 

Thu T T so T T. Hence T=T. 

Corollary(4.8): Let f:(B1,T1)(B2,T2)be fuzzy continuous mapping and K ={xB1:f (x) = 0B2and 

f(x)=1B2}.Then the topology induced on the set K is a BAFT. 

Proof: Let T K={K:T1}.Then we claim that TK is a BAFT onK.  

Let x  K be any element, then f (x) = 0B2and f (x) = 1B2. 

Let T2 be any open set in B2.As f is continuous f -1()T1. 

 Now,(f -1() K)(x) = min{ f-1()(x) , K (x)} 

 = min{(f(x)),K (x)} 

= min{(0B2),K (x)} [AsK (x)=1] 

= (0B2)=(1B2)= (f(x)) 

= min{(f(x)),K(x)} [AsK(x)=1] 

= min{f -1()(x),K (x)} 

 =(f-1()K)(x) 

Hence TKis a BAFT on K. 

                               5. Product of Boolean Algebraic Fuzzy Topological Spaces 

In this section,we study the product of Boolean algebraic fuzzy topological spaces.We also discuss 

similarities with difference from product of fuzzy topological spaces 

Theorem (5.1): Let (B1,T1) and (B2,T2) be two BAFTS. Then product fuzzy topology on B1 B2 is 

contained in the BAFT on B1B2.The equality between the two topology does not need to be hold. 

Proof: We know that B1B2 is a Boolean algebra under the operation defined by 

(x1,y1)(x2,y2)=(x1x2,y1y2);(x1,y1)(x2,y2)=(x1+x2,y1+y2);(x1,y1),(x2,y2)B1 B2and 

(x, y) = (x, y) ,  (x, y) B1 B2. 

The element (01,02) and (11,12) be the lower bound and upper bound element of B1B2.   Let (x, y) be 

any element of B1 B2. Then (x, y) is the complement of (x, y) in B1 B2. Let T be the product fuzzy 

topology on B1B2 and T be the BAFT on B1 B2. 

We show that TT. Let Tand let z = (x, y) be any element of B1B2 . 
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Then (z) = (x,y) = ()(x,y) = min{(x),(y)}= min{(x),(y)}= ()(x,y)= (x,y)= (z). 

 so thatT. Hence T T. 

Next, we show that the equality between T and Tdoes not need to behold. 

Let B1=(D6, +, . , ) and B2= (D30, +, . ,  ). Let T1, T2be the BAFT on B1and B2respectively.  

Further let T be the product fuzzy topology on B1 B2and T be the BAFT on B1 B2. 

Consider the subset H={(2,6),(3,5)}of B1 B2.Define the fuzzy set on B1 B2 such that ((x,y)) = 

If (x, y)H and 0 otherwise, where (0,1]. 

Clearly,(x ,y)= (x, y);(x,y) B1B2 and so,T. 

But the smallest T-open set containing  is , where T1and T2 defined as: 

𝜇(𝑥) = ൜
𝜆 , 𝑖𝑓 𝑥 = 2,3 
0 , otherwise

          𝜗(𝑥) = ൜
𝜆 , 𝑖𝑓 𝑥 = 6,7 
0 , otherwise

()(x,y) = min{(x),(y)}=; if (x,y){(2,6),(2,5),(3,6),(3,5)}={2,3}{6,5} 

And()(x,y) = 0; if (x,y){2,3}{6,5}.  

Thus,  T. Hence, T T. 

Remark(5.2):In the above theorem(5.1), if we have B1= B2 = B (say),even then the product fuzzy 

topology on B  B is not same as the BAFT on B  B. 

6.Conclusion 

In this paper, the notion of Boolean algebraic fuzzy topological spaces is introduced. It has been 

observed that the Boolean algebraic fuzzy topology is different from discrete and in discrete fuzzy 

topology, the cases when they have been examined. It is seen that Boolean algebraic fuzzy topology 

is a hereditary property subject to the Boolean subalgebra of the Boolean algebra B. Also it is 

noticed that Boolean algebraic fuzzy topology is a topological and productive property. 
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